We investigate the twistor space and the Grassmannian fibre bundle of a Lorentzian 4-space with natural almost optical structures and its induced CR-structures. The twistor spaces of the Lorentzian space forms R 
Introduction
The aim of this paper is the investigation of spacelike surfaces in Lorentzian 4-manifolds with the aid of a so-called twistor construction in 4-dimensional Lorentzian geometry. The idea of the draft, that is presented here, comes from Riemannian twistor theory and its well known application to the theory of surfaces in Riemannian four-spaces. We give a short description of the Riemannian construction.
Consider an oriented, 4-dimensional Riemannian manifold (M 4 , g). The tangent space at any point of the manifold M is isometric to the Euclidean 4-space R 4 . The set of complex structures on R 4 can be identified with the homogenous space GL(4, R)/GL(2, C). There are two kinds of orthogonal complex structures on R 4 ; we set J o := 0 −1 1 0 ∈ gl(2, R): 
A}.
Both sets A + and A − of orthogonal complex structures are naturally identified with the homogenous space SO(4)/U(2), which is the 2-sphere S 2 . We choose the set A − and define the twistor space A − (M ) of 
The paper is organized in two parts. The first part, section 2, is concerned with the twistor space and the Grassmannian fibre bundle of a Lorentzian 4-space and its natural almost optical structures. Special attention is given to underlying CR-manifolds (Theorem 2.3). The twistor spaces of the Minkowski space R In the second part, section 3, we apply the Lorentzian twistor construction to surface theory. The second fundamental form II of an isometrically immersed spacelike surface (N 2 , h) decomposes to
where H + and H − are the lightlike parts of the mean curvature. The vanishing of components in this decomposition is related to the holomorphicity of the Gauss lifts of the immersion (Proposition 3.1). We prove that non-vertical, holomorphic curves in the twistor space over a Lorentzian 4-space M 2 Lorentzian twistor space and optical geometry
Optical geometry and CR-geometry
In this section, we recall some basic facts about CR-geometry and optical geometry. Special attention is given to the relation between them. Optical geometry is introduced by A. Trautman in [Tra85] and is also treated in [Nur96] .
We fix two notations. Let M n 1 := (M n , g) denote an n-dimensional Lorentzian C ∞ -manifold, where 'Lorentzian' means that the smooth metric tensor g is of signature (n − 1, 1). For any oriented semi-Riemannian manifold (M n , g) of signature (n − r, r), we denote by SO(M ) the SO(n − r, r)-principal fibre bundle of oriented (pseudo)-orthonormal frames over M .
Consider a 2r-dimensional C ∞ -distribution H ⊂ T M n , 2r ≤ n, on an n-dimensional C ∞ -manifold M . A bundle morphism
is called an almost complex structure on the subbundle H ⊂ T M . In case that an almost complex structure J is given on a distribution H ⊂ T M 2n−1 with codimension 1 in T M , the pair (H, J) is called an almost CR-structure on the (2n
i.e. the Nijenhuis tensor vanishes on H.
Remark 2.1
1. An almost CR-structure (H, J) on a Riemannian manifold (M 2n−1 , g) is orthogonal iff J on H is orthogonal with respect to g on H. 
A C
K with the natural almost optical structure given as above.
Let
N 2n−1 be a submanifold of codimension 1 in the almost optical manifold (M 2n , K, L, J) such that T N ⊕ K| N = T M | N .
It follows that
is naturally identified with L/K| N . Therefore, J induces an almost complex structure 
Therefore, the almost orthogonal optical structure
Until now, we have defined complex, CR-and optical structures. We want to consider mappings between them.
In the notations of the previous definition, we have obviously 
Twistor space of a Lorentzian manifold M 4 1
The twistor space of an oriented Lorentzian 4-manifold M 4 1 is defined to be the fibre bundle of null directions in the tangent space T M 4 1 (comp. [Nur96] ). The twistor space admits natural almost optical structures. The integrability, the conformal invariance and the underlying CRhypersurfaces of these optical structures are investigated in this section. We begin with the discussion of the fibre type of the twistor bundle.
Consider the Minkowski space R 1 . The space P is a submanifold of the projective space P 3 (R) and is defined to be the fibre type of the twistor space of an oriented Lorentzian 4-manifold. There are several characterizations of the fibre P . For the first, the fibre P may be written as homogenous space. The Lorentzian group SO(3, 1) acts transitively on P . Let H + and H − denote the isotropy groups of this action resp. in R(u 1 + u 2 ) and R(u 1 − u 2 ). We obtain P ∼ = SO(3, 1)/H + ∼ = SO(3, 1)/H − . The elements
form a basis of the Lie algebra o(3, 1) of SO(3, 1). The Lie algebras h + and h − of H + resp. H − are then given by
These decompositions of the Lie algebra o(3, 1) are not reductive. The space P of null directions in R 4 1 is also naturally identified with the positive resp. negative projective spinor modul. For this let ∆ + ∼ = C 2 and ∆ − ∼ = C 2 denote the positive resp. negative spinor modul (comp. [Baum81] ). To any spinor ψ ± ∈ ∆ ± corresponds the R-linear mappingψ
where x · ψ ± is the Clifford product. The kernel kerψ ± of this mapping is a null direction in R 4 1 . Moreover, the mapping
is a diffeomorphism. The natural complex structures J P(∆±) on P ∼ = P(∆ ± ) ∼ = P 1 (C) are invariant by the SO(3, 1)-action on P and are given on m ± ∼ = T o P by
The identification of P(∆ + ) and P(∆ − ) via the space of null directions P is anti-holomorphic. Any unit timelike vector T ∈ R 4 1 , g(T, T ) = −1, gives an identification of the space of null directions P and the 2-sphere
The positive resp. negative twistor space of a 4-dimensional, oriented Lorentzian manifold M 4 1 := (M 4 , g) is defined to be the positive resp. negative projective spinor bundle
We may these bundles also interpret as the bundle of null directions in T M 4 1 ,
On the twistor space Z + (M ) are given the natural almost optical structures
They are defined pointwise as follows. Let [ψ + ] ∈ Z + (M ) be an arbitrary point. For a suitable orthonormal basis s = (s 1 , . . . , s 4 ) ∈ SO(M ) we may write
To [ψ + ] ∈ Z + (M ) corresponds the orthogonal optical structure
The almost optical structure O
where π
• π * denotes the horizontal lift of the optical structure
Analogously, we may define the almost optical structures O
of the positive and negative twistor space, the almost optical structures O [Nur96] ). In terms of the Riemannian curvature tensor R, the integrability condition in this point is equivalent to R 1413 + R 2413 + R 1423 + R 2423 = 0,
The almost optical structures O
− + and O − − are
not only non-integrable, even more they don't induce locally any almost CR-structure.
We consider the conformal invariance of the twistor spaces with its almost optical structures. Letg = exp(2ρ)g, where ρ : M 4 → R is a smooth function, be a conformally equivalent metric to g on M 4 . The twistor spaces Z ± (M, g) and Z ± (M,g) are naturally identified by Θ :
Theorem 2.2 Let (M 4 , g) be an oriented Lorentzian 4-manifold and letg = exp(2ρ)g be a conformally equivalent metric to g. The identification Θ of the twistor spaces
Proof: The distribution K + is the lightlike geodesic spray of the Lorentzian manifold M 4 1 . The lightlike geodesic spray is conformally invariant. Hence, the optical flag
is conformally invariant. The comparison of the almost complex structures J +g ± and J +g ± on the screen space L + /K + shows that both are identical.
2
The almost optical structures O − + and O − − are not conformally invariant. We are now interested in the underlying CR-hypersurfaces of (
In particular, the twistor bundle may then be written as
The twistor fibre π −1 (m) over a point m ∈ M 4 1 is identified via T m ∈ T m M with the sphere
i.e. we can think of the twistor bundle as the bundle of 2-dimensional unit spheres, which are orthogonal to the timelike vector field T ∈ Γ(T M ). Consider now an oriented spacelike hypersurface N 3 in M 
which is the natural identification Ψ of the restricted twistor space with the unit sphere bundle S 2 (T N ) over N . The restriction Z + (M )| N of the twistor bundle to N is a submanifold of codimension 1 in Z + (M ) and obviously, it holds
From Remark 2.2.5, it follows that the almost optical structure O + + induces the almost CR- Proof: We need to prove the integrabilitiy of (H + , J + ). The distributions H + and H
are identical under the identification Ψ:
Let s = (s 2 , s 3 , s 4 ) : U ⊂ N → SO(N ) be an local orthonormal frame field on N . The local frame s gives a trivialization of the unit sphere bundle:
The horizontal lifts of s i , i = 2, 3, 4, with respect to the Levi-Civita connection of N are given in this trivialization by
The almost complex structure
An easy calculation shows that the Nijenhuis tensor of the almost CR-structure ( 
where H is the mean curvature, i.e. the hypersurface N in M 4 1 is totally umbilic. 2
The almost CR-structure on the restriction Z + (M )| N that is induced by the almost optical structure 
Let {u i : i = 1, . . . , 4} be the standard basis in T x R and is diffeomorphic to
where S 2 (T S 3 ) ∼ = SO(4)/SO(2) is the unit sphere bundle over the sphere S 3 ∼ = SO(4)/SO(3). 
The twistor bundle Z + (S 4 1 ) decomposes in a horizontal and a vertical part:
The horizontal bundle is given by
The distributions K + and L + of the optical structure O + + are defined by is equivalent to the unit sphere bundle of S 3 with natural CR-structure. We describe this CR-structure on SO(4)/SO(2) ∼ = S 2 (T S 3 ). Let {E ij } be the standard basis in o(4) and ι : SO(2) ֒→ SO(4)
the imbedding of SO(2). Let
be a subspace of o(4). The subspace h is Ad(SO(2))-invariant and the linear map
is an Ad(SO(2))-equivariant complex structure on h. The canonical CR-structure on SO(4)/SO(2) is given by H
C. The twistor space Z + (H and is diffeomorphic to where the subspace b = Span{E 12 , E 13 , E 14 , E 15 } is Ad(H + )-invariant. The subspaces k := R(E 12 + E 13 ), l := Span{E 12 + E 13, E 14 , E 15 } of b and the complex structure 
where A ∈ SO(3, 2) and l ∈ l. The locally induced CR-structures of O + + are equivalent to the natural CR-structure on the unit sphere bundle of H 3 . We describe this CR-structure on
A → I 0 0 A be the imbedding of SO(2) in SO o (3, 1). The pair (h, J) defined by h := Span{E 13 , E 14 , E 23 , E 24 } ⊂ o(3, 1) and
is an Ad(SO(2))-equivariant CR-structure on c = Span{E 13 , E 14 , E 23 , E 24 , E 34 } ⊂ o(3, 1). The CR-structure (H
Grassmannian fibre bundle of a Lorentzian manifold M 4 1
The Grassmannian fibre bundle of an oriented Riemannian 4-manifold M 4 is the bundle of oriented planes in the tangent bundle T M 4 . Each one of the positive and negative Riemannian twistor space may be seen as one 'half' of the Grassmannian fibre bundle. In 4-dimensional Lorentzian geometry this point of view of the Grassmannian is also suitable up to an slight modification Let G(3, 1) denote the set of oriented spacelike planes in the Minkowski space R 4 1 . We call G(3, 1) the Grassmannian of R 4 1 . The Grassmannian G(3, 1) can also be viewed as the set of decomposable 2-forms with lenght 1:
Furthermore, it is G(3, 1) ∼ = SO(3, 1)/T a symmetric space, where
is the isotropy subgroup. The Lie algebra o(3, 1) decomposes to o(3, 1) = m ⊕ t, where m = Span{E 13 , E 14 , E 23 , E 24 } and t = {E 12 , E 34 }. The tangent bundle of G(3, 1) is the associated bundle T G(3, 1) = SO(3, 1) × Ad(T ) m. 1) . The Grassmannian G(3, 1) admits also the SO(3, 1)-equivariant complex structure J 1 , which is induced by the Ad(T )-equivariant complex structure
on m. We denote J 2 := −J 1 , which is a further complex structure on G(3, 1).
Remark 2.4
The Lie algebra o(4) ∼ = Λ 2 R 4 is semisimple. Therefore, the Grassmannian of the Euclidean space R 4 is isometric to the Riemannian product of the positive and the negative twistor space fibre:
The Lie algebra o(3, 1) ∼ = Λ 2 R 4 1 of the Lorentz group is simple. The Grassmannian G(3, 1) of R 4 1 isn't the product of the positive and negative twistor space fibre P . It holds only G(3, 1) ∼ = P × P \diag ⊂ P × P.
It doesn't exist a natural SO(3, 1)-invariant metric on P .
Let M 4 1 be an oriented Lorentzian 4-manifold. We call
the Grassmannian fibre bundle of M 4 1 . The Grassmannian fibre bundle projects naturally to the twistor spaces. Let e ∈ SO(M ) and s = e · A ∈ SO(M ), A ∈ SO(3, 1), be arbitrary orthonormal frames. The projections are given by
Moreover, we have the imbedding 
They are given as follows. Let p ∈ G(M ) be a point. In a suitable orthonormal basis s = (s 1 , s 2 , s 3 , s 4 ) ,
The projections
are optical maps. 
The almost optical structure
O + G is integrable on G(M ) iff M has constant sectional cur- vature.
Sketch of the proof:
The integrability conditions in a point may be obtained as in the proof of Theorem 2.1. Obviously, a space with constant sectional curvature satisfies these conditions in any point. On the other side, it can easily be seen that the Riemannian curvature tensor R of a space, which hasn't constant sectional curvature, doesn't satisfy these conditions in some point 2
The almost optical structure O + G induces an almost CR-structure on the restriction G(M )| N of the Grassmannian fibre bundle to an oriented spacelike hypersurface N . As in Theorem 2.3 this almost CR-structure is always integrable.
To the end of this section, we define a parametrization of natural metrics on the Grassmannian fibre bundle G(M ). Let 0 = λ ∈ R be a parameter and b G the SO(3, 1)-invariant metric tensor on the Grassmannian G(3, 1). The tensor
where π : G(M ) → M is the natural projection and s ∈ SO(M ) is an arbitrary frame, is for any λ a metric of signature (5, 3) on G(M ).
3 Surface theory and Lorentzian twistor construction
Immersed spacelike surfaces
We study the second fundamental form of isometrically immersed surfaces with Riemannian metric in a Lorentzian 4-space. Let (N, h) be an oriented, 2-dimensional Riemannian manifold and let dN be the volume form in the orientation of N . The Hodge operator * is defined by ν ∧ * ξ = h(ν, ξ)dN . There is an unique orthogonal complex structure J N on N such that * ω = −ω • J N for any 1-form ω on N . It exist locally complex coordinates (x 1 , x 2 ) of the Riemannian surface (N, J N ). For a suitable C ∞ -function F , we have
The Bochner-Laplace operator on
Let M 
Let h α ij := ǫ α g(∇ ei e j , e α ) denote the components of II with respect to a Darboux frame e. The mean curvature vector H of the isometric immersion f is given by where
The second fundamental form II and the given decomposition of II is independently defined of the conformal class of the surface N .
Remark 3.1 Consider an isometric immersion f : (N, h) ֒→ (M, g). Letg := exp(2ρ)g be a conformally equivalent metric to g on M 4 . Denote byĨI the second fundamental form of the isometric immersion f : (N, f * g ) → (M,g). The comparison of the covariant derivatives gives (see [Bes87] )∇
If the metric h is positive definite, we havẽ
This shows that the vanishing of the components L + , L − is invariant under conformal change of the metric g on M 4 . In particular, the property of an immersion to be totally umbilic is conformally invariant, whereas the stationary condition isn't conformally invariant.
Gauss lift of an immersed surface
We define now the Gauss lifts of a spacelike immersed surface to the twistor space and the Grassmannian fibre bundle. Geometric properties of an immersed surface are related to the holomorphicity of its Gauss lifts. Moreover, we describe the surfaces that have a harmonic Gauss lift to the Grassmannian. Let (N 2 , J N ) be a Riemannian surface and f : N 2 ֒→ M 4 1 a conformal immersion into an oriented Lorentzian 4-manifold. It is
for any n ∈ N an oriented Euclidean 2-plane in T f (n) M , i.e. an element in the Grassmannian G(M ) over M . The smooth mapping
is called the Gauss map or Gauss lift of the immersion f . We define also the (projected) Gauss maps into the twistor spaces over M 4 1 :
The image of a point n ∈ N under the mappings γ f ± is the positive resp. negative normal null direction on df
1 be a conformal immersion of a Riemannian surface into an oriented Lorentzian 4-space. The immersion f is called.
The conformal immersion f :
Consider the differentials of the lifts v f and γ f ± . The horizontal parts dv 
Twistorial construction of spacelike surfaces
The Proposition 3.1 of the previous section relates geometric properties of an immersed spacelike surface to the holomorphicity of its Gauss lift. In the following, the reconstruction of semi-stationary and semi-umbilic surfaces in Lorentzian 4-spaces by holomorphic curves in the Lorentzian twistor space is established. We can give a whole classification of semi-umbilic surfaces in conformally flat Lorentzian 4-spaces. In particular, we classify every isotropic surface in the Lorentzian space forms R 
is locally and for small t's a holomorphic map (Proposition 2.1) 2
Theorem 3.3 may be interpreted as follows. Let N 2 be any oriented spacelike surface in M One way of finding holomorphic curves in an almost optical manifold is that of finding holomorphic curves in a CR-hypersurface of the almost optical manifold. For example, if Proof: For any n ∈ N 2 exists an open neighborhood U ⊂ N 2 and a null field k ∈ Γ(T M ), which is tangential to the positive oriented normal null geodesics that start from U and intersect the hypersurface P 3 , such that φ k t1 is a diffeomorphism between U and
for a suitable t 1 . From Theorem 3.3 and Remark 3.3.3, it follows thatÑ 2 is totally umbilic in P
3 . The open set U ⊂ N 2 is the deformation of the totally umbilic surfaceÑ 2 in P 
is normal to j(S 2 ) ⊂ R 4 1 and positive oriented. The positive oriented normal null geodesics that start from the sphere j(S 2 ) are given by
Any deformation of j(S 2 ) ⊂ R . The property that a surface is positive semiumbilic is independent of the conformal class of the ambient Lorentzian 4-space. Therefore, the immersions i λ and j λ describe locally any positive semi-umbilic surface in a conformally flat Lorentzian 4-space.
In fact, the immersions of the form i λ into R (z 1 , z 2 ), λ(z 1 , z 2 ), z 1 , z 2 ) where λ is a smooth function on R 2 .
Proof: Any +isotropic surface is semi-umbilic (L − = 0). The immersions of the form j λ are obviously never +isotropic. Hence, locally any +isotropic surface is of the form i λ . We need to prove the global statement. The surface i λ (R 2 ) ⊂ R 
